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1. Introduction
In 1991 there was a categorical conference in Montreal, where John Isbell, quoting Walter Taylor, formulated the follow-
ing interesting problem: whether there exist topological spaces X and Y , as nice as possible, having isomorphic monoids of
all continuous selfmaps, but not isomorphic clones [8].
And he kindly explained to us that clone of a topological space X , “Clo X”, is the category k such that its set of all objects
is just the set
X0, X1, X2, . . .
of all ﬁnite powers of the space X and all continuous maps are its morphisms, i.e. Clo X is always a full subcategory of Top,
the category of all topological spaces and all their continuous maps. An attempt to solve this problem succeeded and then
led to many further results.
2. History and the present stage
Let us recall that a clone C on a set X is a system of maps on ﬁnite powers of X containing all projections p(n)i : Xn −→ X
with i ∈ n ∈ ω (where, as usual, ω is a set of non-negative integers) closed with respect to superposition. When ordered by
inclusion, all clones on a set X form a complete lattice. Investigations of the size and structural properties of this lattice
started already in 1921 by results [14,15] of E.L. Post, who fully described this lattice for case X = 2. Many further results
of this type were given, especially by I.G. Rosenberg [17,18], M. Goldstern and S. Shelah [5], M. Pinsker [12,13] and others.
The term “clone” was introduced by P. Hall in [7] and then used by practically all monographs on universal algebra, see
e.g. [6,2,26]. Under the name “algebraic theory” (ﬁnitary, one-sorted), F.W. Lawvere uses them in his categorical approach to
universal algebra [9,10]. John Isbell and Walter Taylor brought this important and interesting notion into general topology.
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In solving the above Isbell–Taylor’s problem one meets many obstacles. First of them is the fact that the monoid Mon X
of all continuous selfmaps of a space X carries considerable amount of information about the space X .
If spaces X and Y have isomorphic monoids Mon X and Mon Y , say
Φ : Mon X −→Mon Y ,
then Φ sends left zeros of Mon X onto left zeros of Mon Y , and these are precisely the constant selfmaps of the respective
spaces.
Hence Φ determines a bijection S of the underlying set (i.e. the set of all its points) of X onto the underlying set of Y .
This map S is often a homeomorphism S : X −→ Y .
For example if X and Y are Tychonoff spaces containing an arc, then they are homeomorphic. This and other facts about
monoids of all continuous selfmaps are presented in the survey paper [11].
4. Rigid spaces
Hence we have to look for X and Y such that the map S is not a homeomorphism. There are many such pairs of spaces,
particularly rigid spaces of the same cardinality. Let us recall their deﬁnition.
Deﬁnition. Topological space X is called rigid if every continuous selfmap f : X −→ X is either the identity or a constant.
However H. Herrlich proved already in 1968 the following theorem:
If X is a rigid Hausdorff space and f : Xα −→ X is a continuous map, then f is constant or a projection.
Corollary. All rigid spaces of the same cardinality have isomorphic clones consisting only of projections and constants.
Hence rigid spaces cannot help.
5. Semirigid spaces
However the following weakening is quite useful.
Deﬁnition. ([30]) Let B be a closed subset of a space X . Then X is called B-semirigid if every continuous selfmap f : X −→
X is either the identity or a constant or f [X] ⊆ B .
A point x is called a rigid point of X if every continuous selfmap f : X −→ X such that x ∈ f [X] is either the identify or
the constant to x. If X is B-semirigid and x ∈ X\B , then x is a rigid point.
The following proposition and its proof are quite similar to Herrlich’s.
Proposition. Let X be B-semirigid and such that card X\B  3.
If f : Xα −→ X is a continuous map, then either f is a projection or a constant or f [Xα] ⊆ B.
6. Extremally semirigid spaces
The small degree of freeness persists in the following deﬁnition:
Deﬁnition. ([30]) Let B be a closed subset of a space X . Then X is called extremally B-semirigid if for arbitrary Hausdorff
topology t on B and its “suitable extension” t′ , (X, t′) is B-semirigid. Here, the “suitable extension” refers to a topology
which coincides with the arbitrarily given Hausdorff topology t on B and, for every x ∈ B , with the topology of X on the
subspace (X\B) ∪ {x}.
7. Basic theorem
Basic theorem. For every cardinal α  2ℵ0 , there is an extremally B-semirigidmetric space such that card B = card X\B = α.
For the proof of the strongest version of this theorem, see [30].
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(H. Cook, Fund. Math. (1946); it is a metric continuum C such that every continuous map f : D −→ C of any subcontin-
uum D of C is either constant of f (x) = x for all x ∈ D) [3].
“Our space” is obtained from α-many triangle spaces (with all the brick triangles being disjoint subcontinua of C ) by
glueing these t1 all in one point and analogously for the vertices t2. Their vertices t3 are not glued together and they form
the set B .
8. Application of the basic theorem: An iterative procedure
Let G0 be a set with cardG0 = α, and let p : P × P −→ P be a free binary operation over G0 [i.e. P = G0 ∪ B , G0 ∩ B = ∅,
p : P × P −→ P is a bijection of P × P onto B].
Let τ0 be an extremally B-semirigid metric on P . Let u1 be the metric on B , u1 = p(τ0 × τ0). Let τ1 be an admissible
metric extension (with respect to τ0) of u1. Let u2 = p(τ1 × τ1) and let τ2 be an admissible metric extension of u2.
Analogously deﬁne τ3, τ4, . . . through all ordinal numbers. Since τ0 is discrete on B , we get τ0  τ1  τ2  · · · and limit
ordinals pose no diﬃculty. When this procedure stops (say at τz = τ ), we get a space X = (P , τ ) with the remarkable
recursive property saying that
p : X × X −→ B
is a homeomorphism.
9. Continuous selfmaps and trees
The monoid of all continuous selfmaps f : X −→ X of the space X constructed in Section 8 can be easily seen to be
isomorphic to the monoid of all ﬁnite binary trees with leaves labeled by the identity  or an element of {x | x ∈ G0}.
Indeed, since X is B-semirigid, f is either the identity  [and then the corresponding tree is root labeled by ] or a
constant with a value x ∈ G0 [and then corresponding tree is the root labeled by x] or f sends the whole X into B . Then
we use that p : P × P −→ B is bijective and we can create two spaces π1 ◦ p−1 and π2 ◦ p−1
•
π1◦p−1 π2◦p−1
and
•x∈G0
π1◦p−1 π2◦p−1
and we proceed with their selfmaps as with the original f . Finally, we see that both Mon X consist of ﬁnite binary trees
with leaves labeled by  or by element of G0 [because the form P = ⋃∞i=n Gi guarantees that this algorithm stops after a
ﬁnite number of steps].
10. Solution of Isbell’s problem
The just constructed space X is already one of the spaces X, Y having isomorphic monoids and not isomorphic clones.
The space Y is constructed by the same iterative construction, only (P , τ ) × (P , τ ) is replaced by (P × P , τ ′) where τ ′ is a
suitable topology, see [30] for details.
11. An easy modiﬁcation
Many easy modiﬁcations of this basic construction can be seen. For example:
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subcategory of their clones on the ﬁrst n powers) are equal but (n + 1)-segment of X cannot be fully embedded into (n + 1)-segment
of the clone of Y and vice versa.
12. Less easy modiﬁcation
[31]: For every natural number n > 1 there exists a metric space X such that every continuous map f : Xk −→ Xm with
arbitrary m is uniformly continuous whenever k n−1 but the category of all continuous maps of the spaces X, X2, . . . , Xn
admits no full embedding into the category of all uniformly continuous maps of all powers of X .
13. Non-expanding maps
[33]: For every pair m  n of natural numbers there exist metric spaces X1 = (P ,d1) and X2 = (P ,d2) such that the
categories Nk(Xi) formed by all non-expanding maps between ﬁnite powers of Xi with i = 1,2 such that Nk(X1) is formed
by the same maps as Nk(X2) iff km, Nk(X1) is isomorphic to Nk(X2) iff k n.
14. Relations among mappings
Given a metric space X , let us denote by K1, K2, K3 the respective categories of non-expanding or uniformly continuous
or continuous maps of all ﬁnite powers X0, X1, X2, . . . of the metric space X .
The initial n-segment of the category Ki , i = 1,2,3, is its full subcategory generated by the objects X0, . . . , Xn . For
i, j = 1,2,3, let us deﬁne si, j to be the supremum of all those n for which the initial n-segments of the categories Ki and K j
coincide (i.e., they are created by the same maps of the powers
P0, . . . , Pn
of the underlying set P of the space X = (P ,)).
Then, clearly, si, j is an element of the set {0,1,2, . . . ,∞},
si, j = s j,i and si,i = ∞
for i, j = 1,2,3. Hence only the numbers
s3,1, s1,2, s2,3
are of interest.
Deﬁnition A. Let (a,b, c) be a triple of elements of {0,1,2, . . . ,∞}. We say that a metric space X realizes it if
a = s3,1, b = s1,2, c = s2,3.
If there exists a metric space X that realizes (a,b, c), we say that (a,b, c) is realizable by X .
Deﬁnition B. Let (a,b, c) be a triple of elements of {0,1,2, . . . ,∞}. We say that a metric space X strongly realizes it if X
realizes it and, moreover,
the initial (si, j + 1)-segment of the category Ki is not isomorphic to the initial (si, j + 1)-segment of the category K j ,
for all (i, j) = (3,1), (1,2), (2,3) with si, j < ∞.
If there exists a metric space X that strongly realizes (a,b, c), we say that (a,b, c) is strongly realizable.
Main Theorem. ([34]) Let (a,b, c) be a triple of elements of {0,1,2, . . . ,∞}. Then the following statements are equivalent:
(i) (a,b, c) is realizable;
(ii) (a,b, c) is strongly realizable;
(iii) (a,b, c) is of the form (0,0,n) or (0,n,0) or (n,n,∞) for a suitable n ∈ {0,1,2, . . . ,∞}.
15. Clones and all their initial segments
There exist metric spaces X, Y such their clones are not isomorphic, while any initial segment of Clo X is isomorphic to
the corresponding segment of Clo Y , see [36].
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In his book [27], W. Taylor devotes his attention to the ﬁrst order language of clones (see also [4,28]) and poses the
following problem.
Problem 1. Does the ﬁrst order language of the clone theory, for topological spaces, have more expressive power than the
ﬁrst order language of the monoid theory?
We outline the proof of a positive solution of this problem.
17. Reformulation
Reformulation: Do there exist topological spaces X and Y such that Mon X is elementarily equivalent to the Mon Y but
Clo X is not elementarily equivalent to Clo Y ?
We recall that elementary equivalence means satisfying the same sentences.
Let us recall that the ﬁrst order language L of monoid theory has one sort of variables ranging over continuous maps
X −→ X , one binary and one nullary operations and no predicates except =; axioms: guarantee that the binary operation
is associative and guarantee that the result of the nullary operations is its unit.
Taking the clones as many-sorted algebras in the sense of [1], the ﬁrst order language of clone theory has ω sorts of
variables, the variables of the n-th sort [denoted by x(n), x(n)1 , y
(n),a(n)] range over Xn −→ X ;
for every n ∈ ω, there is n nullary operations, namely the projections π(n)i : Xn −→ X ;
for m,n ∈ ω there is an operation
Snm : Xm × Xn × · · · × Xn︸ ︷︷ ︸
m times
−→ Xn;
for a space X , the substitution axiom
Snm( f ;ϕ0, . . . ,ϕm−1) = f
(
ϕ0(x0, . . . , xn−1),ϕ1(x0, . . . , xn−1), . . . ,ϕm−1(x0, . . . , xn−1)
)
.
Axioms guarantee that the substitution is associative and
Snm
(
π
(m)
k ;ϕ0, . . . ,ϕm−1
)= ϕk, Snn
(
f ;π(n)0 ,π(n)1 , . . . ,π(n)n−1
)= f .
No predicates except =.
18. Isomorphism and elementary equivalence
The constructed spaces X and Y form a solution both of Isbell’s problem and also Taylor’s modiﬁcation. Are these
problems identical in general?
NO
[19]: Let 2 n1  n2  n3 be ﬁnite. Then there exist metric spaces X1 = (P ,1) and X2 = (P ,2) for which simultane-
ously
Topn[X1] = Topn[X2] if and only if n n1,
Topn[X1] ∼= Topn[X2] if and only if n n2,
Topn[X1] ≈ Topn[X2] if and only if n n3
where Topn[Xi] is the category of all continuous maps of the spaces X0i , Xi, . . . , Xn−1i , where the equality sign = means the
common set of maps, ∼= denotes the isomorphism and ≈ means the elementary equivalence.
19. Complex problems
When we have learned that =, ∼=, ≈ are independent, we went back to our previous results and tried it to complete
them also for elementary equivalence.
The most complex case, containing most of the previous results, is the following one.
Let K be a category with closed ﬁnite products (we apply it to the categories Top of all continuous functions on all
topological spaces, Unif, the category of all uniformly continuous maps on uniform spaces, and Nonexp, the category of
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products. We compare Clo X with Clo Y , then Clo F X with Clo F Y , but then also Clo X with Clo F X and Clo Y with Clo F Y .
K F
U
H
V
Set
For all the four pairs we examine the equality =, the isomorphism ∼= and the elementary equivalence ≈. Thus we get a
four-by-three matrix, say a matrix Q . Such a 4× 3 matrix of elements of {1,2, . . . ,∞} is called admissible if in any row of
the matrix, no entry is strictly smaller than the remaining three and every column in the matrix is non-decreasing.
X
E−→ F X
Y F Y
The main result of [20–24] is that the admissible matrices Q are just the matrices which can be obtained this way.
This very complex situation does not cover all the previous cases. The single exception is mentioned in Section 15: in [36],
spaces X and Y are constructed so that, for every n, the n-segment of Clo X is isomorphic to the n-segment of Clo Y , but
the clones Clo X and Clo Y themselves are not isomorphic. Since elementary equivalence depends only on sentences having
only ﬁnitely many variables, the isomorphism of all initial segments implies that Clo X is elementarily equivalent to Clo Y .
20. Four examples
Now, we have at our disposal the ﬁrst order language of monoid theory and clone theory. Every sentence determines a
class of topological spaces. Unfortunately, they are used in topology less than it would correspond to their importance and
their beauty. Let us present some examples.
Here are four properties of this type:
(R) rigidity: every continuous map f : X −→ X is either the identity or a constant; expressing it as a sentence of L, one
gets
(∀x(1)) ((x(1) = π(1)0
)∨ (∃x(0))(∀y(0))(S01
(
x(1); y(0))= x(0)))
where x(1) is a variable of the ﬁrst sort, x(0), y(0) variables of the zero-th sort and the identity π(1)0 is the constant
of L of the ﬁrst sort;
(FP) ﬁx-point property: every continuous map f : X −→ X has a ﬁx-point, i.e. f (x) = x for some x ∈ X ; expressed as a
sentence of L,
(∀x(1))(∃x(0)) (S01
(
x(1); x(0))= x(0));
(ID) image-determining property: for any continuous maps f , g : X −→ X , Im f = Im g implies f = g; expressed as a sen-
tence of L
(∀x(1))(∀y(1)) ([(∀x(0))(∃y(0))(S01
(
x(1); x(0)))= S01
(
y(1); y(0))∧ (∀u(0))(∃v(0))(S01
(
y(1);u(0)))
= S01
(
x(1); v(0))] ⇒ x(1) = y(1));
(CC) coconnectedness: every continuous map f : X × X −→ X factorizes trough at least one coordinate; expressed as a
sentence of L
(∀x(2))(∃x(1)) [(x(2) = S21
(
x(1);π(2)0
))∨ (x(2) = S21
(
x(1);π(2)1
))]
.
The ﬁrst three are given by the sentence of the monoid theory and probably everybody met some of them. The last
one, coconnectedness, is not given by a sentence of monoid theory and we need the ﬁrst order sort of variables. The funny
name of this property is used because it is the dual to connectedness. We can dualize the whole clone theory to get a
co-clone theory. A co-clone of a topological space X is a full subcategory of Top generated by ﬁnite coproducts of X . And
X is connected if every continuous map of X into arbitrary space factorizes through a coproduct injection. This is not a
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have the same monoid of continuous selfmaps. Coming back we get coconnected spaces [32,35].
The four above properties are not only distinct, but in the category of compact metric spaces, none of the implications
(FP) ⇒ (ID)∨ (CC),
(ID) ⇒ (FP)∨ (CC),
(CC) ⇒ (FP)∨ (ID)
is valid and, in larger categories also none of the implications
(FP)∧ (ID) ⇒ (CC),
(CC)∧ (ID) ⇒ (FP),
(FP)∧ (CC) ⇒ (ID)
is valid. Finally
(FP)∧ (ID)∧ (CC) ⇒ (R)
is also not valid (see [34]).
For some clone and monoid properties, it is interesting to form their n-variants, e.g.:
n-(R): A space X is n-rigid if every continuous Xn −→ X is either a projection or constant;
n-(ID): A space X has the n-image determining property if for any continuous maps f , g : Xn −→ X with Im f = Im g there
exists a permutation p : n −→ n such that f = g ◦ p˜ (i.e. p only permutes coordinates);
n-(CC): A space X is n-coconnected if every continuous map f : Xn −→ X factorizes trough at least one variable.
21. The full clone FClo X of a space X
Finally, let us have a look how Clo X determines the space X . For this, we choose a more relevant deﬁnition of clones:
the abstract clone Clo X of a space X was only an abstract category, see above. Let us deﬁne a full clone of X the full
information in Top carried by X : also the topological spaces X2, X3, . . . , their topological properties, and the consistency of
enumeration (meaning that the order X0, X, X2, . . . is that in which Xn+1 is obtained from Xn by the addition of the last
coordinate). Let us denote by FClo X the clone X in this new meaning [25].
Let X and Y be spaces such that FClo X\{X} = FClo Y \{Y }. Must X be homeomorphic to Y ?
NO
We outline an example later on.
22. One more notion, namely Clo f X
Let Clo f X be the set of all Xi , i = 0,1, . . . , Clo f Y be the set of all Y i , i = 0,1, . . . .
Clo f X carries less information than Clo X , we lose the order of the powers of X resp. Y and the consistency of enu-
merations of their coordinates (cf. Section 21). On the other hand, Clo f X contains all powers Xi including X itself. And the
same question: If Clo f X = Clo f Y ,
must X be homeomorphic to Y ?
Surprisingly: No!
(But the answer is positive when Clo f is inﬁnite.)
23. Representations of semigroups by products of spaces
Examples for both Section 21 and Section 22 have the same root: representations of semigroups by products.
Deﬁnition. Let {Xs | s ∈ (S,+)} be a system of topological spaces. It is called a productive representation of the semigroup
(S,+) iff
α) Xs1 × Xs2 ∼= X(s1 + s2),
β) for s1 = s2, X(s1) is not homeomorphic to X(s2).
Theorem. ([29]) Every commutative semigroup has such a representation.
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A. If we represent the semigroup having one generator g and one deﬁning relation g6 = g , we obtain the representing
non-homeomorphic spaces Z , Z2, Z3, Z4, Z5 and Z6 = Z (meaning that Z6 is homeomorphic to Z ). Taking X = Z and
Y = Z2, we obtain spaces with Clo f X = {X0, X, X2, X3, X4, X5} and
Clo f Y =
{
Y 0, Y = X2, Y 2 = X4, Y 3 = X, Y 4 = X3}.
Hence Clo f X = Clo f Y and X is not homeomorphic to Y . This is an example for Section 22.
B. To obtain an example for Section 21, we represent the commutative semigroup on two generators a and b and deﬁning
relations am = bn for m,n 2. The spaces Za and Zb representing the generators are then non-homeomorphic.
24. Closing remarks
I conclude by a few words of critique. As you have seen, the clone theory says nothing about inﬁnite powers of spaces. It
is natural because clone comes from algebra. While I tried to prove something about inﬁnite powers of spaces, nice results
concerned only box products and box powers. An important phenomenon is the distributivity with respect to coproducts.
The Problem of My Life: is there a space whose ﬁnite powers are non-homeomorphic to each other while its ℵ0-th and
ℵ1-th powers are homeomorphic?
Vinárek’s example: if 2ℵ0 = 2ℵ1 and 2 is the two-point indiscret space then this is true.
Is there a “better” example?
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